THE RIESZ SUMMABILITY OF LOGARITHMIC TYPE B. KWEE1
ABSTRACT.
The series S°° ,a is said to be summable (L) to s if 72=1 72 (log(l -x))~ S°° ,s xn /n, where s =S" ,a , converges for 0 S x< I° 72=1 n n v-\ V °a nd tends to s when x -• 1-. The aim of this paper is to discuss the relation between summability (L) and Riesz summability (ft,log n, k). It is proved that (R, log n, k) i=" (L) holds for OsksI and is false for K > 1. It is also proved that if S°° , a = s(L) and bounded (R, log n, k) for K>0 then S°° ,a = s(R, log ri, K + 8) for every S >0. The relation between summability (R, log n, k) and (L) will be discussed in this paper. We shall prove Theorem 1. The inclusion (R, log n, k) Ç (L) holds for 0 < k < 1 area7 z's false for k > 1.
Theorem 2. // S°° ,a ¿s summable (L) and bounded (R, log n, k), then it is summable (R, log n, k + 8) to the same sum for every 8 > 0.
2. Proof of Theorem 1. For 0 < k < 1, (R, log n, k) Ç (R, log n, 1). But 
(
It is easy to verify that l/y is totally monotonie.
Hence there exists a monotonie increasing function x(x) such that 1 = y f x"dy(x) fot n > 0. It follows from a theorem of Borwein [l] that, if the right-hand side of (1) tends to a finite limit s, then n~lt -> s(A). Since (n + l)~lt -n~lt = 0(n~ ), Let 2/ = log w, n < w < n + 1. (k+ 1) Jo
Since summability (C, k) is equivalent to (R, n, k), this is a special case of [3, Theorem 3.51] . Note that there is no need to suppose that k is an integer; but, as it is much easier to prove the result in this case, and as this case is enough for our application, we state the result for this case only.
Lemma 2. Suppose that, for some k > 0, t > 0, the series (2) is summable (C, k). Then the series
is summable (C, k) to the same sum as (2).
If k = 0, we are given that (2) converges. It follows easily that s = o(n'). Hence, by partial summation, \s _jZ2~M is summable (C, k) to 0. By the translativity of (C, k), the sequence \s in + l)"M is summable (C, k) to 0. But Z avv~' = Z s>~' -iv + D"') + s> + *>r'' 17=» 1 V=l i.e. the nth partial sums of (2) and (4) differ by s (n + l)~'. Hence the result.
